Asymptotics of the Euler transform of Fibonacci numbers by Kotesovec, Vaclav
Asymptotics of the Euler transform of Fibonacci numbers 
 
Václav Kotěšovec 
e-mail: kotesovec2@gmail.com 
August 7, 2015 
 
 
Abstract: The generating function for the sequence A166861 in the OEIS ("Euler transform of 
Fibonacci numbers") is 
 
 
        
 
   
 
where      are the Fibonacci numbers (A000045). This paper analyzes the more general 
generating function 
      
 
          
 
   
 
where   is a nonnegative integer, which provides asymptotics for the sequences A166861 (z=0), 
A200544 (z=1) and A260787 (z=2) in the OEIS. 
 
 
 
Main result: 
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is the golden ratio (A001622). 
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Proof: 
 
We have the Maclaurin series  
           
  
 
 
   
 
and so 
                
 
          
 
   
                
  
 
   
       
   
 
 
   
 
   
   
      
       
            
 
   
 
 
Using the saddle-point method, see [2], equation (12.9), we have 
 
    
     
            
 
 
 
The saddle-point equation is 
   
      
     
   
 
  
     
    
   
 
  
             
 
  
 
      
       
            
 
   
  
         
         
        
           
 
   
 
 
 
 
   
          
           
     
     
    
      
    
 
 
   
   
 
For an asymptotic solution set     and the dominant root is then 
 
          
 
 
    
      
   
    
     
    
 
    
  
where   
    
 
  is the golden ratio. It is important to note that taking only two terms the 
asymptotic expansion        
      
      
  is insufficient, three terms are needed. An eventual term 
      can be ignored.  
 
Now we compute 
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We obtain 
     
      
    
    
 
  
 
 
 
      
       
            
 
   
 
      
    
        
 
   
 
 
where 
       
      
                                             
                                  
           
 
 
                        
 
   
 
 
Now for      is (independently on  ) 
   
   
       
    
 
 
     
 
and the sum tends to a constant as n tends to infinity. 
 
        
 
   
   
 
For example if     then                                            
 
 
If     then we obtain 
 
        
    
            
           
             
            
                      
 
Together 
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We have 
 
   
       
       
        
     
   
 
   
   
               
          
   
   
       
       
        
     
   
 
   
 
 
 
Contribution of the first term is 
 
               
          
    
    
  
 
 
  
         
    
    
       
 
  
 
 
 
    
    
  
 
    
    
    
 
 
For     
   
       
       
                
      
         
 
      
    
          
 
          
  
  
   
     
    
            
 
 
 
       
 
   
       
       
        
     
   
 
   
     
 
 
   
 
      
    
    
    
    
      
     
    
            
 
   
 
 
 
 
Together 
    
     
         
 
 
  
   
 
 
 
    
 
 
     
    
    
    
    
        
     
    
            
 
   
                      
        
      
    
  
 
 
 
The final asymptotic is 
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Applications 
 
The sequence A166861 (   ) 
Generating function: 
 
 
        
 
   
 
Asymptotics: 
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Numerical verification (20000 terms), the ratio tends to 1: 
 
z = 0; s = NSum[(Fibonacci[z] + Fibonacci[z+1] * GoldenRatio^k) / ((GoldenRatio^(2*k) - 
GoldenRatio^k - 1)*k), {k, 2, Infinity}, WorkingPrecision -> 100, AccuracyGoal -> 100, 
PrecisionGoal -> 100, NSumTerms -> 10000];  
Show[Plot[1, {n, 1, 20000}, PlotStyle -> Red], 
ListPlot[Table[A166861[[n]]/((GoldenRatio^(n + z/4) / (2 * Sqrt[Pi] * 5^(1/8) * 
n^(3/4))) * Exp[(GoldenRatio/10 - 1/2)*Fibonacci[z] - Fibonacci[z + 1]/10 + 
(2*GoldenRatio^(z/2) * Sqrt[n])/5^(1/4) + s]), {n, 1, Length[A166861]}]], PlotRange -> 
{0.5, 1}, AxesOrigin -> {0, 0.5}] 
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The sequence A200544 (   ) 
 
Generating function: 
 
 
          
 
   
 
 
Asymptotics: 
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The sequence A260787 (   ) 
 
Generating function: 
 
 
          
 
   
 
 
Asymptotics: 
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If we set        (according to Mathematica), then my formula is correct also for     , the 
sequence A109509.  Generating function: 
 
 
 
          
 
   
 
 
Asymptotics: 
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